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Abstract
The aims of this paper are to discuss extinction and positivity for the evolution p-Laplacian equa-
tion
∂u
∂t
= ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
p−2 ∂u
∂x
)
with initial value u0(x) ∈ L1(Ω) and zero boundary value conditions, where p > 1. In particular, the
necessary and sufficient condition for extinction is obtained.
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In this paper we consider the evolution p-Laplacian equation
∂u
∂t
= ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
p−2
∂u
∂x
)
(1.1)
in ΩT with initial boundary conditions
u(x,0) = u0(x) for all x ∈ [−1,1], (1.2)
u(±1, t) = 0 for all t ∈ (0,+∞), (1.3)
where ΩT = (−1,1) × (0,+∞), u0(x) ∈ L1(Ω) and p > 1.
Equation (1.1) appears in a number of applications to describe the evolution of diffusion
processes, in particular, about non-Newtonian flow in a porous medium, cf. [1–3].
The quasilinear equation (1.1) is degenerate if p > 2 or singular if 1 < p < 2, since
the modulus of ellipticity degenerates (p > 2) or blows up (1 < p < 2) at points where
∂u
∂x
= 0, and therefore has no classical solution in general. So we consider weak solutions
of (1.1)–(1.3).
Definition 1.1. A nonnegative function u is said to be a weak solution of (1.1)–(1.3), if u
satisfies the following conditions:
u ∈ L∞(τ,+∞;W 1,p(Ω) ∩ Lγ (Ω)), u ∈ C([0,+∞);L2(Ω)),
∂u
∂t
∈ L2(Ω × (τ,+∞))
for any τ > 0, γ > 1,
lim
t↘0
∥∥u(·, t) − u0∥∥L1(Ω) = 0, (1.4)∫
Ω
u(x,T )ϕ(x,T ) dx −
∫
Ω
u0(x)ϕ(x,0) dx
=
T∫
0
∫
Ω
(
u
∂ϕ
∂t
−
∣∣∣∣∂u∂x
∣∣∣∣
p−2
∂u
∂x
· ∂ϕ
∂x
)
dx dt (1.5)
for all T ∈ (0,+∞), and all ϕ ∈ C([0, T ];W 1,p0 (Ω)) with ∂ϕ∂t ∈ Lp(ΩT ).
The existence, uniqueness, and regularity of solutions of the Cauchy problem (1.1)–
(1.2) or the initial boundary problem (1.1)–(1.3) have been obtained by a number of
authors, cf. [4–14].
Theorem 1.1 (M. Tsutsumi [7]). Suppose that p > 1 and u0(x) ∈ L1(Ω). Then there exists
a weak solution u of (1.1)–(1.3) satisfying u ∈ L∞(Ω × (τ,+∞)) for any τ > 0.
In this paper our interest is to investigate the extinction and positivity of the solution.
Our main results are the following theorems.
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finite time T , such that
u(x, t) ≡ 0
for all (x, t) ∈ [−1,1] × (T ,+∞).
Theorem 1.3. Let u be a weak solution of (1.1)–(1.3), if p  2, then there exists a finite
time T , such that
u(x, t) > 0
for all (x, t) ∈ (−1,1) × (T ,+∞).
Remark 1.1. Theorems 1.2 and 1.3 imply that Eq. (1.1) has the extinctive property if and
only if 1 < p < 2.
Such result of Theorem 1.2 has been obtained by M. Tsutsumi [7] and E. DiBenedetto
[8], in which the proofs cannot be extended to our case. Our approach is easy and different
from [7,8], it is based on a comparison principle.
The extinctive and positivity of Eq. (1.1) with nonzero, nonnegative and continuous
initial value, which have been studied by H. Yuan [16]. In our paper, we study the extinctive
and positivity of Eq. (1.1) with initial value u0(x) ∈ L1(Ω). The proofs of our main results
are completed in Sections 3 and 4. We first prove some fundamental lemmas in Section 2.
2. Fundamental lemmas
Definition 2.1. Assume that v ∈ L1(ΩT ) and 0 < t < T , we define the Steklov mean value
of v as
vh = vh(x, t) =
{
1
h
∫ t+h
t
v(·, τ ) dτ, t ∈ (0, T − h),
0, t > T − h.
Denote
s+ = max{s,0}
for all s ∈ (−∞,+∞).
Lemma 2.1. Let v ∈ Lq,r (ΩT ). Then ∀ε ∈ (0, T ), as h → 0, we have
vh → v in Lq,r (ΩT−ε).
If v ∈ C([0, T ];Lq(Ω)), then ∀ε ∈ (0, T ) and t ∈ (0, T − ε), as h → 0, we have
vh(·, t) → v(·, t) in Lq,r (ΩT−ε).The proof of Lemma 2.1 is found in [15].
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v ∈ C([0,+∞);L2(Ω))∩ Lp(0,+∞;W 1,p(Ω)),
∂v
∂t
 ∂
∂x
(∣∣∣∣∂v∂x
∣∣∣∣
p−2
∂v
∂x
)
, D′(Ω × (0,+∞)),
v(x,0) u(x,0) a.e. x ∈ (−1,1),
v(±1,0) u(±1,0) a.e. t ∈ (0,+∞),
and
lim
t↘0
∥∥v(·, t) − v(·,0)∥∥
L1(Ω) = 0,
then we have
v(x, t) u(x, t)
for a.e. on (x, t) ∈ ΩT .
Proof. Denote ω = u−v. Then it is easy to see that for any fixed τ ∈ (0, T ),0 < T < +∞,
and 0 ϕ ∈ W 1,p0 (Ω), there holds∫
Ω
(ωh)τ ϕ dx +
∫
Ω
(∣∣∣∣∂u∂x
∣∣∣∣
p−2
∂u
∂x
−
∣∣∣∣ ∂v∂x
∣∣∣∣
p−2
∂v
∂x
)
h
· ∂ϕ
∂x
dx  0,
where uh is the Steklov mean value of u, h > 0 is a sufficiently small parameter.
Choose
ϕ(x, τ ) = (ωh)+(x, τ ).
By the property of the Steklov mean value and noting that ω 0 almost everywhere on the
lateral boundary of ΩT , we see that ϕ ∈ Lp(0,+∞;W 1,p0 (Ω)). Substituting this function
into the above integral inequality, we have
1
2
d
dτ
∫
Ω
(ωh)
2+(x, τ ) dx
−
∫
Ω
(∣∣∣∣∂u∂x
∣∣∣∣
p−2
∂u
∂x
−
∣∣∣∣∂v∂x
∣∣∣∣
p−2
∂v
∂x
)
h
· ∂((u − v)h)+
∂x
dx dτ,
then integrating over (0, t) with respect to τ , we obtain∫
Ω
(ωh)
2+(x, t) dx −
∫
Ω
(ωh)
2+(x,0) dx
−2
t∫ ∫ (∣∣∣∣∂u
∣∣∣∣
p−2
∂u −
∣∣∣∣ ∂v
∣∣∣∣
p−2
∂v
)
· ∂((u − v)h)+ dx dτ. (2.1)
0 Ω
∂x ∂x ∂x ∂x h ∂x
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∫
Ω
(ωh)
2+(x,0) dx 
1
h
h∫
0
∫
Ω
ω2+(x, τ ) dx dτ.
Since u,v ∈ C([0,+∞);L2(Ω)) and ω+(x,0) = 0 a.e. on Ω , then we get
lim
τ→0
∫
Ω
ω2+(x, τ ) dx = 0,
hence
lim
h→0
∫
Ω
(ωh)
2+(x,0) dx = 0. (2.2)
Letting h → 0 in (2.1) and using (2.2) and Lemma 2.1, we further obtain∫
Ω
ω2+(x, t) dx
−2
t∫
0
∫
Ω
(∣∣∣∣∂u∂x
∣∣∣∣
p−2
∂u
∂x
−
∣∣∣∣ ∂v∂x
∣∣∣∣
p−2
∂v
∂x
)
h
· ∂((u − v)h)+
∂x
dx dτ  0.
Hence ω+(x, t) = 0, and then we have
u(x, t) v(x, t)
a.e. on ΩT . Thus the proof of Lemma 2.2 is completed. 
Lemma 2.3. Let u be a weak solution. Then we have
(i) If p > 2, then
∂u
∂t
− 1
(p − 2)
u
t
in the sense of distribution.
(ii) If 1 < p < 2, then
∂u
∂t
 1
(2 − p)
u
t
in the sense of distribution.
The proof of Lemma 2.3 is similar to that given in [16].
Lemma 2.4. Let u be a weak solution of (1.1)–(1.3). If p > 2, then
suppu(·, s) ⊂ suppu(·, t)for all s, t with 0 < s < t .
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Lemma 2.5. Let u be a weak solution of (1.1)–(1.3), then u is locally Hölder continuous
in ΩT .
The proof of Lemma 2.5 can be found in [8].
Lemma 2.6 (Nonextinction). Let u0(x) ∈ L1(Ω) and u0(x) ≡ 0. Then there exist positive
constants C and T , depending on u0(x), such that∥∥u(t)∥∥
L2(Ω)  C(t + 1)−1/(2(p−2)), t > T ,
where p > 2.
The proof of Lemma 2.6 can be found in [7].
3. Extinction of solutions
Proof. In this section we shall prove Theorem 1.2 and assume 1 < p < 2.
Define an auxiliary function
v(x, t) = k(T − t)1/(2−p)+ ln(3 + x), (3.1)
where
k =
[
ln 2
2p−1
]1/(2−p)
, T =
(‖u(x, t0)‖∞
k ln 2
)2−p
+ t0. (3.2)
Let us compute
∂v
∂t
= − k
2 − p (T − t)
(p−1)/(2−p)
+ ln(3 + x), (3.3)
∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
p−2
∂u
∂x
)
= −(p − 1)kp−1(T − t)(p−1)/(p−2)+ (3 + x)−p. (3.4)
Using (3.1)–(3.4), we get
∂v
∂t
 ∂
∂x
(∣∣∣∣∂v∂x
∣∣∣∣
p−2
∂v
∂x
)
, (3.5)
v(x, t0) u(x, t0), ∀x ∈ [−1,1], v(±1, t) 0, ∀t ∈ (t0,+∞). (3.6)
Applying Lemma 2.2 and (3.5)–(3.6), we obtain
u(x, t) v(x, t)
for all (x, t) ∈ (−1,1) × (t0,+∞). By the definition of v(x, t), we get
u(x, t) v(x, t) = 0
for all (x, t) ∈ (−1,1) × (T ,+∞). Thus the proof of Theorem 1.2 is completed. 
334 H. Yuan et al. / J. Math. Anal. Appl. 310 (2005) 328–3374. Positivity of solutions
In this section we shall prove Theorem 1.3 and assume p  2. In the case p = 2, the
conclusion of Theorem 1.3 follows from the theory of the linear uniformly parabolic equa-
tion. Here we consider only the case p > 2.
Using Lemma 2.6, we always find
u(x, t0) > 0
for some x ∈ (−1,1). Then we have the following lemmas.
Lemma 4.1. Let u be a weak solution of (1.1)–(1.3) and p > 2. If
u(0, t0) > 0,
then there exists a time T ∗ such that
u(x, t) > 0
for all (x, t) ∈ (−1,1) × (T ∗,+∞).
Proof. Let us consider the fundamental solution of Eq. (1.1),
Φk,R(x, t;x0) = kRS(t)−1/λ
{
1 −
[ |x − x0|
S1/λ(t)
]p/(p−1)}(p−1)/(p−2)
+
(4.1)
for all positive constants k and R and all x0 ∈ (−1,1), where
S(t) = Rλ + λ(p/(p − 2))p−1kp−2t, λ = 2(p − 1). (4.2)
From
u(0, t0) > 0,
and Lemma 2.5, it follows that
u(x, t0) > k, ∀x ∈ (−R,R) ⊂ (−1,1),
for some positive constant R. Clearly, we have
∂Φk,R(x, t;0)
∂t
= ∂
∂x
(∣∣∣∣∂Φk,R(x, t;0)∂x
∣∣∣∣
p−2
∂Φk,R(x, t;0)
∂x
)
, (4.3)
Φk,R(x, t0;0) u(x, t0), ∀x ∈ [−1,1],
Φk,R(±1, t;0) = 0, ∀t ∈ (t0, T ∗), (4.4)
where
T ∗ = 1 − R
λ
λkp−2(p/p − 2)p−1 . (4.5)
By Lemma 2.2, we obtainu(x, t)Φk,R(x, t;0) (4.6)
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u(x,T ∗) > 0 (4.7)
for all x ∈ (−1,1). By (4.7) and Lemma 2.4 we get
u(x, t) > 0
for all (x, t) ∈ (−1,1) × (T ∗,+∞). Thus the proof is completed. 
Lemma 4.2. Let u be a weak solution of (1.1)–(1.2) and p > 2. If
u(x0, t0) > 0, x0 = 0, (4.8)
then there exists a time T such that
u(0, T ) > 0. (4.9)
Proof. Without loss of generality we may assume that
0 < x0 < 1.
From (4.8) and Lemma 2.5, it follows that
u(x, t0) > k0 = 12u(x0, t0) > 0
for all x ∈ (x0 − R0, x0 + R0) with small positive number R0.
Similar to (4.6), we get
u(x, t)Φk0,R0(x, t;x0) (4.10)
for all (x, t) ∈ (−1,1) × (t0, T0), where
T0 = min
{
T +0 , T
−
0
}
, T −0 =
|x0 + 1|λ − Rλ0
λkp−2(p/p − 2)p−1 ,
T +0 =
|x0 − 1|λ − Rλ0
λkp−2(p/p − 2)p−1 , (4.11)
which implies
u(x,T0) > 0 (4.12)
for all x ∈ (2x0 − 1,1).
If x0 < 12 , then by (4.10), we have (4.9).
If x0  12 , we define
x1 = x0 − dk,
where
x0 > dk = 1
k
(1 − x0) > 0and k > 2 is a positive integer.
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u(x,T0 + T1) > 0 (4.13)
for all x ∈ (2x1 − 1,1).
If x1 < 12 , then by (4.13), we have (4.9).
If x1  12 , we define
x2 = x1 − dk = x0 − 2dk.
Similar to (4.12), there exists a time T2 such that
u(x,T0 + T1 + T2) > 0 (4.14)
for all x ∈ (2x2 − 1,1).
Repeating the above process we can find two positive integer N and K such that
xN = x0 − NdK, −1 < 2xN − 1 < 0,
and
u(x,T0 + T1 + T2 + · · · + TN) > 0
for all x ∈ (2xN − 1,1). Thus the proof of Lemma 4.2 is completed. 
Proof of Theorem 1.3. From Lemmas 4.1 and 4.2, there exists a time T such that
u(x,T ) > 0
for all x ∈ (−1,1). By Lemma 2.4, we have the conclusion of Theorem 1.3. Thus the proof
of Theorem 1.3 is completed. 
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